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1 Introduction
Since the discovery of the Jones polynomial [15], the quantum $\mathrm{g}\mathrm{r}o$up has $\dot{\mathrm{b}}\mathrm{e}\mathrm{e}\mathrm{n}$ used to
construct the invariants of knots and links, and many knot invariants such as HOM-
FLY polynomial [9], colored Jones polynomial [4], Kauffman $\mathrm{p}o$lynomial [22], have been
$\mathrm{p}\mathrm{r}o$posed. Recently Kashaev constructed a knot invariant by use of the cyclic quantum
dilogarithm function [17, 19, 21]. It was shown in Ref. 28 that Kashaev’s invariant
exactly coincides with the colored Jones polynomial at N-th root of unity, but what is
remarkable is that he claimed that the asymptotic value of his knot invariant (or, the
colored Jones polynomial) in a limit $Narrow\infty$ coincides with the hyperbolic $\mathrm{v}o$lume of the
knot complement. Due to the fact that the hyperbolic knot complement is decomposed
into the ideal tetrahedra (see, e.g., Ref. 36), and that the $\mathrm{v}o$lume of each tetrahedron
is given by use of the Lobachevsky function (see, e.g. Ref. 27), it might be natural to
Kashaev’s invariant is connected with the hyperbolic $\mathrm{v}o$lume. While Kashaev defined the
knot invariant using the quantum dilogarithm function with $q$ being N-th root of unity
(cyclic dilogarithm function) and studied the asymptotic behavior $Narrow\infty$ , our purpose
here is rather to use the infinite dimensional representation of the quantum dilogarithm
function in a case of $|q|=1$ and then take a limit $qarrow 1$ .
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This Note is organized as follows. We first review several relations for the diloga-
rithm function. See Ref. 25 and references therein for topics of the dilogarithm function.
We then define the quantum dilogarithm function as a $q$ -deformation of the dilogarithm
function. Depending on a deformation parameter $q$ , we have two deftnitions of the quan-
tum dilogarithm function; one of them is for $q$ generic, and it is essentially given by the
$q$ -exponential function. In the case of $|q|=1$ , we have $\mathrm{a}\mathrm{n}o$ther definition in an integral
form [5]. We show that the quantum dilogarithm function satisfies interesting properties
with non-commutative variables. See Ref. 26 for a survey on the special functions and
$q$ -commuting variables. At last stage we show that the $R$-operator as a solution of the
constant Yang-Baxter equation can be given from the quantum dilogarithm function.
We compute the matrix elements on the inftnite dimensional space, and based on this
$R$-operator we construct the knot invariant.
2 Dilogarithm Function
The Euler dilogarithm function $Li_{2}(x)$ is deftned by
$Li_{2}(x)=n1 \sum_{=}\frac{x^{n}}{n^{2}}\infty$ (2.1a)
$=- \int_{0}^{x}\frac{\log(1-s)}{s}\mathrm{d}s$ , (2.1b)
which gives
$Li_{2}(0)=0$ , $Li_{2}(1)= \frac{\pi^{2}}{6}$ .
By the integral representation (2.1b), the Euler dilogarithm $Li_{2}(x)$ is analytically contin-
ued to the complex plane with a cut $\mathrm{a}1\mathit{0}$ng the real axis $[1, +\infty]$ . We also use the $\mathrm{R}o$gers
dilogarithm function $L(x)$ , which is given by
$L(x)=Li_{2}(x)+ \frac{1}{2}\log x\cdot\log(1-X)$
$=- \frac{1}{2}\int_{0}^{x}(\frac{\log(1-S)}{s}+\frac{\log s}{1-s})\mathrm{d}s$ . (2.2)
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This function satisfies following relations;
$L(x)+L(1-x)= \frac{\pi^{2}}{6}$ , (2.3)
$L(x)+L(y)=L(xy)+L( \frac{x(1-y)}{1-xy})+L(\frac{y(1-x)}{1-xy})$ . (2.4)
The second identity is called the pentago $\mathrm{n}$ identity. Note that the dilogarithm function
often appears in various studies of mathematical physics, such as the computation of
the central charge of the conformal field theory $[23, 24]$ , where a technique in Ref. 31
has been extensively applied.
The hyperbolic $\mathrm{v}o$lume of the ideal tetrahedron with face angle $\alpha,$ $\beta$ , and $\gamma$ (we have
$\alpha+\beta+\gamma=2\pi)$ is given by $J\mathrm{I}(\alpha)+\ulcorner 1(\beta)+r1(\gamma)[27]$ , where the Lobachevsky function
$J\mathrm{I}(\theta)$ is defined as
$\Gamma 1(\theta)=-\int_{0}^{\theta}\log|2\sin u|\mathrm{d}u$. (2.5)
The function $.\ulcorner 1(\theta)$ can be written in terms of the dilogarithm function as $\uparrow$
$Li_{2}( \mathrm{e}^{2\mathrm{i}\theta})=\frac{\pi^{2}}{6}-\theta(\pi-\theta)+2\mathrm{i}r\downarrow(\theta)$ . (2.6)
Further when we parameterize an ideal tetrahedron by a $\mathrm{c}o$mplex parameter $Z$ with Imz $>$
$0$ , the hyperbolic $\mathrm{v}o$lume is given by the $\mathrm{B}\mathrm{l}o\mathrm{c}\mathrm{h}-\mathrm{w}\mathrm{i}\mathrm{g}\mathrm{n}\mathrm{e}\mathrm{r}$ function $D(z)$ ,
$D(z)=\arg(1-Z)\cdot\log|\mathcal{Z}|+{\rm Im} Li2(z)$ . (2.7)
3 $\mathrm{O}\mathrm{u}\mathrm{a}\mathrm{n}\mathrm{t}\mathrm{u}\sim \mathrm{m}$ Dilogarithm Function 1
We define the quantum dilogarithm function $S_{q}(w)$ for $|q|<1$ ;
$S_{q}(w)= \prod_{n=0}^{\infty}(1+q^{2}w)n+1$ (3.1a)
$=1+ \sum_{k=1}^{\infty}\frac{(-1)^{k}q^{\frac{k.(k-1)}{2}}w^{k}}{(q-q^{-1})\cdot\cdot(q^{k}-q-k)}$ (3.1b)
$= \exp(\sum_{k=1}^{\infty}\frac{(-1)^{k}w^{k}}{k(q^{kk}-q^{-})})$ . (3.1C)
$\uparrow \mathrm{i}\equiv\sqrt{-1}$
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These identities can be proved by the fact that each expression satisfies following differ-
ence equation and an initial condition;
$\frac{S_{q}(qw)}{S_{q}(q^{-1}w)}=\frac{1}{1+w}$ (3.2)
$S_{q}(0)=1$ .
This definition shows that the function $S_{q}(w)$ is merely a q-exponential function. To
see that this function is a one-parameter deformation of the dilogarithm, we take an
$\mathrm{a}\mathrm{S}\mathrm{y}\mathrm{m}\mathrm{P}\mathrm{t}\mathrm{O}$tic behavior $qarrow 1$ in eq. (3.1a). Using the $\mathrm{E}\mathrm{u}\mathrm{l}\mathrm{e}\mathrm{r}-\mathrm{M}\mathrm{c}\mathrm{L}\mathrm{a}\mathrm{u}\mathrm{g}\mathrm{h}\mathrm{l}\mathrm{i}\mathrm{n}$ formula, we get
$S_{q}(w)=\sqrt{1+w}\cdot \mathrm{e}^{-\frac{1}{\epsilon}Li}(-w)2(1+O(\epsilon^{3}))$ , (3.3)
where we have set $q=\mathrm{e}^{-\frac{\epsilon}{2}}$ .
The reason why we call $S_{q}(w)$ as the quantum dilogarithm function is due to the fact





This identity first appeared in Ref. 33, and can be proved from eq. (3.1b) with a help of
the $q$-binomial formula;
$( \hat{a}+\hat{b})^{n}=\sum_{k=0}\frac{(q^{2},q^{2})_{n}}{(q^{2}1q^{2})_{k}(q^{2},q^{2})_{n-k}}n.\cdot.\hat{b}^{n-}k\hat{a}^{k}$ .




$=S_{q}$ (\^a) $s_{q}(q^{-}\hat{a}\hat{b}1)S_{q}(\hat{b})$ . (3.5d)
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Proof is as follows. As we have
$S_{q}(\hat{b})\cdot$ \^a $\cdot(S_{q}(\hat{b}))-1=\hat{a}\cdot s_{q}(q-2\hat{b})\cdot(S_{q}(\hat{b}))-1(=\hat{a}\cdot 1+q-1\hat{b})$ ,
we obtain the first equality;
$S_{q}(\hat{b})\cdot S_{q}(\hat{a})\cdot(S_{q}(\hat{b}))-1=S_{q}(S_{q}(\hat{b})\cdot$ \^a $\cdot(S_{q}(\hat{b}))^{-1})=S_{q}(\hat{a}\cdot(1+q^{-1}\hat{b}))$ .
All other equalities can be derived by repeated use of eq. (3.4). The last equation is the
quantum pentagon identity [7]. It was shown in Refs. 2, 7 that it gives the classical
pentagon identity (2.4) in $qarrow 1\mathrm{l}\mathrm{i}\mathrm{m}\mathrm{i}\mathrm{t}$.
We can obtain a braid relation from the quantum dilogarithm function [25]. We define
the function $\Theta(w)$ as
$\Theta(w)=S_{q}(qw)s_{q}(q-1-w1)$ (3.6)
$= \frac{1}{(q^{2},q^{2})_{\infty}}.\sum_{n\in \mathbb{Z}}q^{n^{2}}w^{n}$ .
The second equality is the Jacobi triple product identity. When the operators \^a and $\hat{b}$
$\mathrm{S}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{S}\mathfrak{h}$’ the $q$-commutation relation, \^a $\hat{b}=q^{2}\hat{b}$ \^a, we obtain that the $\Theta$-function satisfies
the braid relation
$\Theta(\hat{a})\Theta(\hat{b})\Theta(\hat{a})=\Theta(\hat{b})\Theta(\hat{a})\Theta(\hat{b})$ . (3.7)
Proof is straightforward by applying $\mathrm{e}\mathrm{q}\mathrm{s}$ . $(3.4)$ and (3.5) $[10, 25]$ , and it can be extend
to the $\mathrm{s}1(N)$ case [14]. We can give the knot invariant as a $q$ -series by use of this braid
relation [11], although this does not seem to be related with Kashaev’s invariant. We
rather give another solution of the braid relation in terms of the quantum dilogarithm
function in the following section.
To close this section, we note that we can solve a non-constant solution of the Yang-
Baxter equation in terms of $S_{q}(w)[8,10, 12,38]$ , and it was shown [1] that the universal
$R$-matrix with a $q$-oscillator representation reduces to this solution.
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4 Quantum Dilogarithm Function II
In the case of the $|q|=1$ we should modify the definition (3.1a) of the quantum diloga-
rithm function. Hereafter we set
$q=\mathrm{e}^{\mathrm{i}\gamma}$ , (4.1)
where $\gamma$ is real,and it corresponds to the Planck constant $\gamma=\hslash/2$ . We define $\Phi_{\gamma}(\varphi)$ by
an integral form,
$\Phi_{\gamma}(\varphi)=\exp(\int_{\mathbb{R}+\mathrm{i}0}\frac{\mathrm{e}^{-\mathrm{i}\varphi x}}{4\mathrm{s}\mathrm{h}(\gamma X)\mathrm{s}\mathrm{h}(\pi X)}\frac{\mathrm{d}x}{x}\mathrm{I}\cdot$ (4.2)
This integral was first introduced by Faddeev $[5, 6]$ . See also Ref. 32 where a similar
integral was $s$ tudied in a cont$e\mathrm{x}\mathrm{t}$ of the hyperbolic gamma function. The similarity
between this integral and the scattering matrix of the Liouville theory is claimed in
Ref. 5, and it follows from that the integral (4.2) plays a role of intertwining operator.
$\mathrm{F}o\mathrm{r}$ our later $\mathrm{c}o$nvention to study th$e$ ‘Volume $\mathrm{c}o$njecture”, we have interests in the
asymptotic behavior in a limit $qarrow 1$ , i.e., $\gammaarrow 0$ . Like eq. (3.3), the function $\Phi_{\gamma}(\varphi)$
behaves in this limit as
$\Phi_{\gamma}(\varphi)\sim\exp(\frac{1}{2\mathrm{i}\gamma}Li_{2}(-\mathrm{e}^{\varphi})\mathrm{I}$ , for $\gammaarrow 0$ . (4.3)
This behavior indicates that the integral $\Phi_{\gamma}$ is indeed a deformation of the Euler diloga-
rithm function. We remark that we have an inversion relation,
$\Phi_{\gamma}(\varphi)\cdot\Phi_{\gamma}(-\varphi)=\exp(-\frac{1}{2\mathrm{i}\gamma}(\frac{\varphi^{2}}{2}+\frac{\pi^{2}+\gamma^{2}}{6}))$ , (4.4)
which follows from a residue at the origin. From an asymptotic behavior of eq. (4.4) in
a limit $\gammaarrow 0$ , we have a nontrivial identity for the Euler dilogarithm function;
$Li_{2}(- \mathrm{e}^{\varphi})+Li_{2}(-\mathrm{e}^{-\varphi})+\frac{\varphi^{2}}{2}+\frac{\pi^{2}}{6}=0$ . (4.5)





The first equality corresponds to eq. (3.2), and thus the Faddeev integral (4.2) can be
regarded as a function $S_{q}(w)(3.1)$ in a case of $|q|=1$ . Remarkable is that the integral
has a kind of “duality”; $\gammarightarrow\frac{\pi^{2}}{\gamma}$ . In fact by collecting a residue of the integral (4.2) and
recalling a definition (3.1c), the integral $\Phi_{\gamma}$ is represented by
$\Phi_{\gamma}(\varphi)=S_{q}(\mathrm{e}^{\varphi})\cdot sQ(\mathrm{e}^{\varphi\frac{\pi}{\gamma}})$ ,
where $Q=\mathrm{e}^{\mathrm{i}\frac{\pi^{2}}{\gamma}}$ . We therefore have a “factorization” property for the integral.
This factorization can be realized by use of the quantum canonical operators [6]. We
consider the algebra generated by the Heisenberg pair $\hat{p}$ and $\hat{q}$ ;
$[\hat{p},\hat{q}]=-2\mathrm{i}\gamma$ . (4.7)
By use of these operators we can realize the Weyl pairs as follows;
\^u $\hat{v}=q^{2}\hat{v}$ \^u, $\hat{U}\hat{V}=Q^{2}\hat{V}\hat{U}$ ,
where
$\hat{u}=\mathrm{e}^{\hat{q}}$ , $\hat{v}=\mathrm{e}^{\hat{p}}$ , $\hat{U}=\mathrm{e}^{\frac{\pi}{\gamma}\hat{q}}$ , $\hat{V}=\mathrm{e}^{\frac{\pi}{\gamma}\hat{p}}$ .
See the commutativity,
$\hat{U}$ $\text{\^{u}}=\hat{u}\hat{U}$ , $\hat{V}\hat{v}=\hat{v}\hat{V}$ , $\hat{U}\hat{v}=\hat{v}\hat{U}$ , \^u $\hat{V}=\hat{V}$ \^u.
We can find that the Weyl algebra generated above by $\hat{p}$ and $\hat{q}$ is factored into two alge-
bra$s$ $($ \^u , $\hat{v})$ and $(\hat{U} , \hat{V})$ . As a result, from the pentagon relation (3.5d) for $S_{q}(w)$ and a
commutativity of two algebras, we also have the pentagon relation for the integral $\Phi_{\gamma}$ ,
$\Phi_{\gamma}(\hat{p})\Phi_{\gamma}(\hat{q})=\Phi_{\gamma}(\hat{q})\Phi\gamma(\hat{p}+\hat{q})\Phi_{\gamma}(\hat{p})$, (4.8)
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where we have used $\mathrm{e}^{\hat{q}}\mathrm{e}^{\hat{p}}=\mathrm{e}^{\hat{p}\hat{q}+\mathrm{i}\gamma}+$ .
We rewrite the pentagon relation (4.8) in a simple form. We introduce the S-operator
as an operator acting on a Hilbert space $\mathrm{V}\otimes \mathrm{V}$ ,
$S_{1,2}=\mathrm{e}^{\frac{1}{2\mathrm{i}\gamma}}\Phi\hat{q}_{1\hat{p}}2\gamma(\hat{p}1+\hat{q}_{2}-\hat{p}_{2})$ , (4.9)
where $\hat{p}_{1}=\hat{p}\otimes 1,\hat{p}_{2}=1\otimes\hat{p}$ and $so$ on. It is easy to see that the $S$-operato $\mathrm{r}$ satisfies an
identity;
$S_{2,3}S_{1,2}=S1,2S1,3S2,3$ . (4.10)
Here we have only applied the commutation relation (4.7) to $\mathrm{e}\mathrm{q}\mathrm{s}$ . $(4.8)$ . This simple
form of the pentagon identity was used to define the $6j$ symbol [16] and to quantize the
Teichm\"uller space $[3, 20]$ .
We have the braid generato $\mathrm{r}$ as in a case $o\mathrm{f}|q|<1$ , and furthermore in the case $|q|=1$
we can construct $\mathrm{a}\mathrm{n}o$ ther $\mathrm{t}\mathrm{y}\mathrm{p}e$ of solution of the braid relation by use of a solution of the
pentagon identity (4.10). We define the $R$-operator on a space $\mathrm{V}^{\otimes 4}$ as [18]
$R_{12,34}=(S_{1,4}^{\mathrm{t}}4)-1S_{1,3}s_{2,4}\mathrm{t}_{2}\mathrm{t}_{4}(S_{2,3}^{\mathrm{t}_{2}})^{-1}$ , (4.11)
where $\mathrm{t}_{a}$ means a transposition operation on the a-th Hilbert space V. We can see that
the $R$-operator (4.11) satisfies the constant Yang-Baxter relation,
$R_{11’,221}\prime R1^{J},33^{\prime R_{22}}J,33^{l}=R_{22’,33}\prime R11’,33\prime R_{11^{l}},22’$ . (4.12)
Proof follows from recursive use of the pentagon identity (4.10) and its $\mathrm{c}o\mathrm{r}o$llary such as
$S_{1,2}(s_{1_{1}\mathrm{s}}^{t}3)^{-1}(s_{2}^{t_{3}},3)^{-}1=(S_{2}t_{3},3)-1S_{1},2$,
$(S_{1,2}^{t_{1}})^{-}1(S_{1}t_{1},3)^{-}1s2,3=s2,3(S_{1,2}t_{1})-1$ .
When we define the operator $\mathrm{R}:\mathrm{V}^{\otimes 2}\otimes \mathrm{V}^{@2}arrow \mathrm{V}^{\otimes 2}\otimes \mathrm{V}^{\copyright 2}$ by
$\mathrm{R}=P_{1},{}_{2}P_{1’},2^{\prime R_{11’},\prime}22$ , (4.13)
$.\mathrm{w}$here $P$ is a permutation operator, we find that the operator R. is a solution of the braid
relation,
$(\mathrm{R}\otimes 1)(1\otimes \mathrm{R})(\mathrm{R}\otimes 1)=(1\otimes \mathrm{R})(\mathrm{R}\otimes 1)(1\otimes \mathrm{R})$ . (4.14)
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For our later convention, we define other operato $\mathrm{r}\mathrm{s}Y$ and $Z$ ;
$Y= \exp(\frac{C}{2\gamma \mathrm{i}}\hat{p})$ , (4.15)
$Z= \exp(\frac{C}{2\gamma \mathrm{i}}\hat{q})$ , (4.16)




where $S_{1,2}$ is defined in eq. (4.9). With the operators $Y$ and $Z$ , we define operators $\mathrm{D}$
and $\tilde{\mathrm{D}}$ on $\mathrm{V}^{@2}$ as
$\mathrm{D}\equiv D_{1,1’}=Y_{1}(Y_{1}^{\mathrm{t}_{1’}},)^{-1}$ , (4.18)
$\tilde{\mathrm{D}}\equiv\tilde{D}_{1,1^{l=Z}}1(Z_{1}^{\mathrm{t}_{1’}},)^{-1}$ (4.19)
Using $\mathrm{e}\mathrm{q}s$ . $(4.11)$ and (4.17), we get




We consider a matrix representation of the $R$-matrix given above. Kashaev constructed a
finite-dimensional representation for the R-operator (4.11) by taking $q$ as the N-th root
of unity [17], though in this section we rather consider the R-operator on the infinite
dimensional space.
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We consider the Hilbert space of the quantum canonical operators $\hat{p}$ and $\hat{q}(4.7)$ . We
call the momentum space and the $\mathrm{c}oo$rdinate space, which are spanned by $|p\rangle$ and $|q\rangle$
with $p,$ $q\in \mathbb{R}$ respectively. They are eigenstates, $\hat{p}|p\rangle$ $=p|p\rangle$ and $\hat{q}|q\rangle$ $=q|q\rangle$ . We have
an orthogonality,
$\langle q|q’\rangle=\delta(q-q’)$ , $\langle q|p\rangle=\frac{1}{\sqrt{4\pi\gamma}}\mathrm{e}^{-\frac{q\mathrm{p}}{2\mathrm{i}\gamma}}$ , $\langle p|p’\rangle=\delta(p-p)l$ , (5.1)
and
$1= \int_{-\infty}^{\infty}\mathrm{d}q|q\rangle\langle q|=\int_{-\infty}^{\infty}\mathrm{d}p|p\rangle\langle p|$.
By use of these identities, matrix elements of the $S$-operator (4.9) on the momentum
space are given by
$\langle p_{1}, p_{2}|s1,2|p_{1}’, p_{2}^{l}\rangle=\frac{1}{4\pi\gamma}\delta(p_{1}+p2-P_{1})’\int \mathrm{d}x\Phi_{\gamma}(x+p_{1})\mathrm{e}\frac{1}{2\gamma \mathrm{i}}((p2-p_{2}’)x-\frac{1}{2}(\mathrm{p}_{2}-p2)^{2})’$ ,
(5.2a)
$\langle p_{1}, p_{2}|s^{-}1,21|p_{1}, p_{2}\rangle\prime l=\frac{1}{4\pi\gamma}\delta(p_{1}-p_{1}’-p_{2})’\int \mathrm{d}x\frac{1}{\Phi_{\gamma}(x+p’1)}\mathrm{e}^{\frac{1}{2\gamma \mathrm{i}}()^{2}}(P2-p_{2})Jx+\frac{1}{2}(p_{2p_{2}’}-)$ .
(5.2b)
See that the $\delta$ -function terms are consistent with $\mathrm{e}\mathrm{q}\mathrm{s}$ . $(4.17)$ , and that the $S$ -operator is




Now from the explicit form of the $S$-operators (5.2), the matrix elements of the R-
operator (4.11) are shown to be given by
$\langle p_{1},p_{2},p_{3},p4|R_{12},34|p_{1},p2’ p\prime l’,\prime 3p_{4}\rangle$
$=\delta(p_{1}-p_{4}+p_{3^{-}}p’1)\delta(p_{2}^{;}-p3^{-}p2+p_{4})’/$
$\cross H(p_{2}-\prime p3’ p_{1}-p_{4}’,p_{1^{-}}p4,p’2^{-}p3)l$ , (5.3a)
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$\langle p_{1}, p_{2}, p_{3,p_{4}1}(R12,34)-1|p_{1}’,p^{\prime ll}2’ p3, p_{4}\rangle$
$=\delta(p_{2^{-}}’p2+p_{3^{-}}p4)\delta(p1^{-}p_{1}’-p_{3}’+p_{4})$’
$\cross H(p_{2^{-p_{4}}}^{l},p1-p_{3})p_{1}-p’3’ p_{2}’-p_{4})’$ . (5.3b)
Here the integral $H(a, b, c, d)$ is defined as
$H(a, b, c, d)$
$= \frac{1}{(4\pi\gamma)^{2}}\int\int \mathrm{d}x\mathrm{d}y\frac{\Phi_{\gamma}(_{X}+a)\Phi(\gamma y+c)}{\Phi_{\gamma}(x+b)\Phi_{\gamma}(y+d)}\mathrm{e}^{\frac{1}{2\mathrm{i}\gamma}()}-(b-c)x+(a-d)y^{-\frac{1}{2}(}a-d)^{2}-\frac{1}{2}(b-\mathrm{C})^{2}$ . (5.4)
We note that the operators $D_{1,2}(4.18)$ and $\tilde{D}_{1,2}(4.19)$ are expressed on the momen-
tum space as
$\langle p_{1},p_{2}|D1,2|P_{1};, p_{2}\rangle l=\delta(p_{1}-p_{1}’)\cdot\delta(p2-p’2)\cdot \mathrm{e}\frac{c}{2\gamma \mathrm{i}}(\mathrm{p}1-p2)$ , (5.5)
$\langle p_{1}, p_{2}|\tilde{D}1,2|p_{1},p_{2}\rangle J’=\delta(p1^{-p’}1+c)\cdot\delta(p_{2^{-}}p2^{+}C’)$ . (5.6)
5.2 Asymptotic Behavior
We shall study a $\gammaarrow 0$ limit for th$eS$-and $R$-matrices by the saddle point method. We
first consider the $\mathrm{F}o$urier transform of the Faddeev integral;
$\tilde{\Phi}_{\gamma}(p)=\int \mathrm{d}x\Phi_{\gamma}(x)\mathrm{e}\frac{1}{2\mathrm{i}\gamma}px$, (5.7)
which owing to eq. (4.3) reduces to
$\tilde{\Phi}_{\gamma}(p)\sim\int \mathrm{d}_{X\mathrm{e}\mathrm{x}}\mathrm{p}\frac{1}{2\mathrm{i}\gamma}(Li_{2}(-\mathrm{e})x+px)$ , for $\gammaarrow 0$ .
We apply the steepest descent method, and evaluate the integral at the saddle point. The
saddle point equation gives $\mathrm{e}^{x}=\mathrm{e}^{p}-1$ , and we obtain
$\tilde{\Phi}_{\gamma}(p)\sim\exp\frac{1}{2\mathrm{i}\gamma}(\frac{\pi^{2}}{6}-Li_{2}(\mathrm{e})p+p\pi \mathrm{i})$ . (5.8)
Based on this asymptotic behavior and using an analytic continuation of eq. (4.5), we





In the same manner we find
$\langle p_{1},p_{2}|s-1|1,2p_{1},p’2\rangle/$
$\sim\delta(p_{1}-p_{1}’-p_{2}^{l})\cdot\exp\frac{1}{2\mathrm{i}\gamma}(\frac{\pi^{2}}{6}-Li_{2}(\mathrm{e}-p^{l}2)p_{2}-p_{1}(/p_{2}’p2^{-})\mathrm{I}\cdot$ (5.9b)
In the next section we shall associate tetrahedra to these $S$ -operators, and in fact we see
the exponential factor resembles with the $\mathrm{B}1_{o\mathrm{C}}\mathrm{h}_{-}\mathrm{W}\mathrm{i}\mathrm{g}\mathrm{n}\mathrm{e}\mathrm{r}$ function (2.7).
To evaluate the $R$-matrix, we need the asymptotic behavior of the integral
$I(a,p)= \int \mathrm{d}x_{\frac{\Phi_{\gamma}(x)}{\Phi_{\gamma}(X+p)}\mathrm{e}^{\frac{1}{2\mathrm{i}\gamma}}}ax$ . (5.10)
From eq. (4.3) we have
$I(a,p) \sim\int \mathrm{d}_{X\mathrm{e}\mathrm{x}}\mathrm{p}\frac{1}{2\mathrm{i}\gamma}(Li_{2}(-\mathrm{e}^{x})-Li2(-\mathrm{e}x+p)+ax)$.




By applying eq. (2.3) and the pentagon identity (2.4), we finally obtain
$I(a, p) \sim\exp\frac{1}{2\mathrm{i}\gamma}(Li_{2}(\mathrm{e}^{a+p})-Li_{2}(\mathrm{e}^{a})-Li2(\mathrm{e}^{p})+a\mathrm{i}\pi+\frac{\pi^{2}}{6})$ . (5.11)
Using this asymptotic behavior and the inversion relation (4.5), the integral (5.4) has a
form,
$H(a, b, c, d)$
$\sim\exp\frac{1}{2\mathrm{i}\gamma}(Li_{2}(\mathrm{e}^{b-c})+Li_{2}(\mathrm{e}^{c-d})-Li2(\mathrm{e}-d)a-Li_{2}(\mathrm{e}b-a)-a(a-b+c-d))$ . (5.12)
55





$+(p’2-p\prime 3)(p_{1^{-}}p_{2}-p_{1^{+}}’p_{2}’))$ , (5.13a)





This form suggests that the $R$-matrix (5.3a) has 4 tetrahedra because 4 dilogarithm
function terms have appeared.
6 Knot Invariant
6.1 Braid $G$roup
The knot invariant can be constructed by use of solutions of the Yang-Baxter equa-
tion $[30, 37]$ . We suppose that we have the enhanced Yang-Baxter operators $(\mathrm{R}, \mu, \alpha, \beta)$
$\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}S\varphi \mathrm{i}\mathrm{n}\mathrm{g}$
$(\mathrm{R}\otimes 1)(1\otimes \mathrm{R})(\mathrm{R}\otimes 1)=(1\otimes \mathrm{R})(\mathrm{R}\otimes 1)(1\otimes \mathrm{R})$ , (6.1a)
$(\mu\otimes\mu)\mathrm{R}=\mathrm{R}(\mu\otimes\mu)$ , (6.1b)
$\mathrm{T}\mathrm{r}_{2}(\mathrm{R}^{\pm 1}(1\otimes\mu))=\alpha^{\pm 1}\beta$ . (6.1c)
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The first one is called the braid relation (constant Yang-Baxter equation),
and the $\mathit{0}$ther tw$\mathit{0}$ are necessary to be invariant under the Markov move$s$ . When the knot
$K$ is given as the $\mathrm{c}lo$sure of a braid $\xi$ with $n$ strands, the knot invariant $\tau(K)$ is defined
as
$\tau(K)=\alpha^{-}\beta^{-}w(\xi)n\mathrm{b}1,\ldots,n(b_{R}(\xi)\mu\copyright n)$ . (6.2)
Here we have associated the homomorphism $b_{R}(B)$ by replacing $\sigma_{x}^{\pm 1}$ in $\xi$ with $\mathrm{R}^{\pm 1}$ , and
$w(\xi)$ is a writhe, a sum of the exponents. We also use an invariant,
$\tau_{1}(K)=\alpha^{-w(\xi)}\beta^{-n}\mathrm{q}\mathrm{p}_{2,\ldots,n}(b_{R}(\xi)(1\otimes\mu^{\otimes(n-1})))$ , (6.3)
which is associated for $(1, 1)$ -tangle.
We have a representation (5.3a) (and its asymptotic form (5.13)) for the braid re-
lation (6.1a). Th$e$ relation (6.1b) is also fulfilled by the operator either $\mathrm{D}(4.18)$ or
$\tilde{\mathrm{D}}(4.19)$ . We can check that in a case of $Carrow 0$ ($i.e.$ , we set $\mu=1$ ) the asymptotic
expression (5.13) satisfies the third equation (6.1c) with $\alpha=\beta=1$ . As a result we have
a knot invariant (6.3) with the $R$-matrix (5.13) in the limit $\gammaarrow 0$ .
6.2 Three Dlmenslonal Picture
$\mathrm{F}o$llowing Ref. 16, we give three dimensional picture for our knot invariant which was
defined by eq. (6.3) in a limit $\gammaarrow 0$ with the $R$-matrix (5.13). A key point is that the
meaning of the pentagon identity (4.10) becomes much clearer when we associate the
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tetrahedron for the $S$-operators (5.9) as follows;
$\langle p_{1},p_{2}|s|p_{1}/,p_{2}’\rangle=$ (6.4a)
$\langle p_{1},p_{2}|S-1|p_{1}’, p_{2}’\rangle=$ (6.4b)
Each triangular face has a momentum $p$ , and the momenta $p_{i}$ and $p_{i}’$ respectively denote
the out-going and in-coming states. We have added arrows on edges to $\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{i}\mathrm{f}\mathrm{i}^{\gamma}$ the
$o$ rientation of the tetrahedron. See that the orientation of the tetrahedra is different
from each other for the $S$-and $S^{-1}$ -operators. With these identification, we regard the
integration of the momentum means the glueing of the triangular faces. Each triangle
face has an orientation, and how to glue these two faces can be fixed. In this view, the
inversion relation,
$\iint \mathrm{d}x\mathrm{d}y\langle p_{1},p_{2}|S|_{X}, y\rangle\langle X, y|g^{-}1|p’’1’ p_{2}\rangle=\delta(p_{1}-p’1)\delta(P2^{-p_{2}’})$, (6.5)
simply denotes the collapse of two tetrahedra into a plane, when the two triangles
thereof are glued to each other;
$=$ $\delta(p_{1}-p_{1}^{l})\delta(p2^{-}p2)’\chi$
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In the same way we have
$\iint \mathrm{d}x\mathrm{d}y\langle p_{1}, x|s|p_{1}’, y\rangle\langle p_{2}, y|S-1|p_{2}’, X\rangle\sim\delta(p_{1}-p’2)\delta(p_{2}-p_{1})’$ . (6.6)
$\delta(p_{1}-p^{l}2)\delta(p_{1}-\prime p_{2})\cross$
Note that $\mathrm{a}\mathrm{n}o$ ther type of glueing of tw$\mathit{0}$ tetrahedra by two faces does not collapse into




See that the two tetrahedra (6.4) can $\mathfrak{o}\mathrm{e}\mathrm{L}\Gamma \mathrm{a}\mathrm{n}\mathrm{s}\mathrm{r}\mathrm{o}\mathrm{r}\mathrm{m}\mathrm{G}\mathrm{t}\mathrm{l}$ to each $\mathit{0}$ther by glueing this sus-
penslon.
We then find that the pentagon identity (4.10), which is explicitly rewritten as
$\int \mathrm{d}x\langle p_{2},p3|S|x,p_{3}^{l}\rangle\langle p_{1}, x|s|p1’ p_{2}’\rangle l$
$= \int\int\int \mathrm{d}y\mathrm{d}z\mathrm{d}w\langle p1,p2|S|y, Z\rangle\langle y,p3|S|p_{1}’, w\rangle\langle Z, w|S|p_{2},p_{3}\rangle\prime\prime$ , (6.7)
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can be viewed in a three dimensional picture as dividing a polytope in two ways;
$Co$ rollaries (next to eq. (4.12)) can be geometrically checked in the same manner.
Once we have identified the asymptotic S-operators with the oriented tetrahedra, we
can construct the $\mathrm{i}\mathrm{s}o$topic invariant of the manifold $M$ . Here to relate with the knot
invariant (6.3) we suppose that $M$ is a finite triangulation of the oriented 3-dimensional
manifold without boundary. We can associate operato $\mathrm{r}\mathrm{s}S^{\pm 1}(5.9)$ to the oriented tetra-
hedra, and have the partition function by
$Z(M)= \int \mathrm{d}p\prod\langle p^{arrow}a_{t}|S\pm 1|pa_{j}\ranglearrow$ . (6.8)
This is an invariant of $M$ ; if $M’$ can be transformed from $M$ by the operations (6.5)
and (6.7), we have $Z(M)=Z(M’)$ . To relate this partition function with the invariant
of a link $L$ , we suppose that any O-simplex in $M$ belongs to exactly two 1-simplexes in
$L$ . Then the invariant $Z(M)$ is associated to the link $L$ , and furthermore becomes a knot
invariant [17]. This can be checked by showing that every $0$-simplexes of the octahedron
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are on the link $L$ as follows. Using above three dimensional picture, we can see that
the braid generators $\mathrm{R}^{\pm 1}$ , which are defined by $\mathrm{e}\mathrm{q}\mathrm{s}$ . $(4.11)$ and (4.13), can be seen as an
octahedron, which includes 4 tetrahedra;
$\langle p\gamma \mathrm{R}|p^{\vec{J}}\rangle=$ (6.9a)
$\langle$
$p]\mathrm{R}^{-1}|P^{\rangle}\vec{\prime}=$ (6.9b)
This identification of the $\mathrm{R}^{\pm 1}$ -matrices with an oriented octahedron essentially coincides
with a description in Ref. 35. Though $\mathrm{b}o$th $o\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}o\mathrm{r}\mathrm{s}\mathrm{R}^{\pm}1$ are represented by the similar
octahedra, the difference becomes clearer when we recall that the momenta $p_{i}$ and $p_{i}’$
respectively denote the out-going and in-coming states. To see explicitly a property of
the $\mathrm{R}$-matrices as the braid generators (4.14), we view the octahedra from the top (ab$o\mathrm{v}\mathrm{e}$
a point $\bullet$ in each octahedron), and we have a following $\mathrm{p}\mathrm{r}$oiection of tangle;
$\langle\vec{p}|\mathrm{R}|p^{\vec{l}}\rangle=$ $\langle p\gamma \mathrm{R}^{-1}|p^{\vec{\prime}}\rangle=$ (6.10)
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The link corresponds to the double lines in the octahedra (6.9) (important is that the
$0$-simplexes are on the link), and the $\mathrm{c}\mathrm{r}o$ssing point denotes a line from $\bullet$ to $0$ . Note
that $\mathrm{b}o$th crossings indicate that there are 4 oriented tetrahedra, which are projected as
follows;
$\mathrm{w}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}\otimes \mathrm{d}\mathrm{e}\mathrm{n}o\mathrm{t}\mathrm{e}\mathrm{s}$ a vector pointing aownwaras. inis $\mathrm{p}\mathrm{r}oj$ection clarifies the meaning
of both the braid relation (4.14) and the inversion relation, $\mathrm{R}\mathrm{R}^{-1}=1$ . Therefore we
can find that every $0$ -simplexes on the octahedron are also on the link $L$ , and that any
$0$-simplex belongs to exactly two 1-simplexes in $L$ by construction of the knot invariant




The figure-eight knot is;
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This knot is represented as $\sigma_{12^{-}12}\sigma\sigma\sigma^{-1}1$ by use of the braid generators. We then asso-
ciate the tetrahedra for each $\mathrm{c}\mathrm{r}o$ ssing as
In regions $D_{1},$ $\cdots$ , $D_{4}$ , the three tetrahedra are glued, and due to the pentagon iden-
tity (6.7) they reduce to two tetrahedra. By glueing th$e\mathrm{s}\mathrm{e}$ tetrahedra with suspensions
which follow from the regions $D_{5}$ and $D_{6}$ , we finally obtain the 2 tetrahedra;
See that every triangle face corresponds to a surface $D_{1},$ $\ldots,$ $D_{4}$ . It is a well known
result [36] that the $\mathrm{c}o$mplement of the figure-eight knot is constructed from above 2
tetrahedra. Following our construction of the triangulations, we have
$Z(4_{1})= \int \mathrm{d}p\langle p_{1}=0,p2|S|p_{3},p_{4}\rangle\langle p4,p_{3}|S^{-1}|p2, p1=0\rangle$
$\sim\int \mathrm{d}p\exp\frac{1}{2\mathrm{i}\gamma}(Li_{2}(\mathrm{e}^{-})P-Li2(\mathrm{e}^{p}))$ .
Here we $\mathrm{h}\dot{\mathrm{a}}$ve introduced a restriction $p_{1}=0$ which comes from an invariant for a $(1, 1)-$
tangle. The integral can be evaluated by the saddle point equation,
$(1-\mathrm{e}^{p})(1-\mathrm{e}-_{\mathrm{P}})=1$ ,
which with a root of $\omega^{2}-\omega+1=0$ gives
$\lim_{\gammaarrow 0}(2\mathrm{i}\gamma\log z(41))=2.02988\mathrm{i}$ . (7.1)
One sees that the imaginary part is nothing but the hyperbolic $\mathrm{v}o$lume of the complement
of knot $4_{1}[13,39]$ .
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7.2 $5_{2}$ Knot
The $5_{2}$ knot is generated by the braid generators as $\sigma_{2}^{2}\sigma_{1^{-}}\sigma 2\sigma_{1}^{2}1$ , and has the following
$\mathrm{p}\mathrm{r}o\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}o\mathrm{n}$;
By associating 4 tetrahedra for each $\mathrm{c}\mathrm{r}o$ssing, we find that, after glueing and transform-
ing these tetrahedra following rules in previous section, the complement is triangulated
into as follows (see also Ref. 34 for $\mathrm{a}\mathrm{n}o$ ther meth$o\mathrm{d}$ of triangulation);
With these oriented tetrahedra, we get the partition function as
$Z(5_{2})= \int \mathrm{d}p\langle p_{1}=0, p_{2}|S^{-1}|p_{3}, p_{4}\rangle\langle p5, p_{4}|S-1|p2,p6\rangle\langle p6, p3|S^{-1}|p_{5}, p1=0\rangle$
$\sim\iint \mathrm{d}x\mathrm{d}y\exp\frac{1}{2\mathrm{i}\gamma}(-\frac{\pi^{2}}{2}-Li_{2}(e-x)-2Li2(\mathrm{e}^{-y})+xy)$ ,
whose saddle point equations are
$\mathrm{e}^{y}=1-\mathrm{e}^{-x}$ , $\mathrm{e}^{x}=(1-\mathrm{e}^{-y})^{2}$ .
We finally obtain
$\lim_{\gammaarrow 0}(2\mathrm{i}\gamma\log Z(52))=$ -6.84548+2.82812 $\mathrm{i}$ . (7.2)
One finds again the imaginary part coincides with the hyperbolic $\mathrm{v}o$lume of the $\mathrm{c}o$mple-
ment of knot $5_{2}[13,39]$ .
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8 Concluding Remarks
In this note we have studied an invariant which are defined from the quantum dilog-
arithm function. We have shown that it satisfies the pentagon identity, and by use of
the quantum dilogarithm function, th$e$ solution of the Yang-Baxter equation has been
constructed. Considering the quantum dilogarithm function on the momentum space in
a limit $\gammaarrow 0$ , we have given the three dimensional picture for the quantum dilogarithm
function. A three dimensional meaning of the momenta in our representation(5.9) is
unclear for us. Furthermore it was proposed that $\mathrm{V}o1(K)+\mathrm{i}C\mathrm{S}(K)$ has good analytic
$\mathrm{p}\mathrm{r}o$perties [29] where $C\mathrm{S}(K)$ and $\mathrm{V}o1(K)$ respectively denotes the $C\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{n}-\mathrm{S}\mathrm{i}\mathrm{m}o\mathrm{n}\mathrm{s}$ invari-
ant and the hyperbolic $\mathrm{v}o$lume of the knot $K$ . As we have studied the knot invariant in an
integral form, we hope that this Note would be helpful to understand a relationship with
the $C\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{n}-\mathrm{S}\mathrm{i}\mathrm{m}o\mathrm{n}\mathrm{s}$ invariant and to define a “simplicial” invariant of the 3-dimensional
manifold.
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